Adhesive interactions between elastic structures such as graphene sheets, carbon nanotubes, and microtubule axonemes exhibit hysteresis due to irrecoverable energy loss associated with bond breakage, even in static (rate-independent) experiments. Here we provide a simple theory that explains how bond breaking and elastic relaxation can drive static adhesion hysteresis over a debonding/rebonding cycle. We show that energy loss emerges from the coupling of a local event (bond breaking) to a nonlocal event (overall elastic relaxation), in a manner similar to the Lake-Thomas effect in polymers. Experiments with adherent microtubules allow us to quantify the hysteresis as a function of adhesion and elasticity parameters. Our model also helps guide the derivation of a self-consistent continuum boundary condition at the interface of adherent mechanical systems.
The ubiquity of hysteretic behavior in peeling, fracture, or adhesion processes has long been known in systems spanning many orders of magnitude including graphene and carbon nanotubes [1, 2] , gecko adhesion [1, 3, 4] , actin bundling and dissolution [5] , DNA melting and denaturation [6, 7] , adhering vesicles [8] , partially frayed dynamic axonemes [9] , extensile microtubule bundles that generate autonomous flows [10] , and elastic contact in soft materials and structures [11] [12] [13] [14] [15] [16] [17] [18] . Although it has been nearly a century since Obreimoff measured the energy required to split a multilayer mica sheet [19] [20] [21] , and interpreted it in terms of an adhesion energy, the microscopic mechanisms behind hysteresis remain incompletely understood. In particular, while hysteresis has been attributed to velocity-dependent processes [20, [22] [23] [24] , experiments where a thin sheet is peeled from a substrate [1-4, 9, 25-27] show that hysteresis persists even in static loading and unloading. Microscopically, normal peeling at high angles is dominated by bending deformations of very stiff filaments, consistent with many recent experiments that explore this mode [1, 4, 9, 28] , wherein local elastic deformation of the adhesive bonds is coupled to the nonlocal elastic bending modes of the thin films.
To quantify this, we consider a minimal model consisting of two elastic chains interacting with each other adhesively through reversibly breakable, non-hysteretic springs ( Fig. 1A) . Each chain has n particles spaced apart by ∆l ≈ L/n, where L is the length of a chain. The adhesive interaction is associated with breakable elastic links of stiffness K, rest length y 0 , and cutoff y 0 + y c that connect corresponding particles on the two chains. One chain is fixed, acting as a rigid foundation, while the other one initially starts in equilibrium and is quasistatically loaded and unloaded at one end. The potential energy of such a system is given by a sum of filament bending, filament stretching and interfilament adhesion energies and reads
where the first term represents bending energy defined in terms of the angle θ i formed by triplets of neighboring particles (i − 1, i, i + 1) along the mobile chain, the second term corresponds to filament stretching, where r k = (x i , y i ), r k = (x j , y j ) are position vectors for the mobile and fixed chains, respectively, and k is the intrachain stifness, while the third term -modeling adhesioncorresponds to stretching the links between chains. In the limit of thin filaments or sheets, the geometric scale separation implies that stretching is very expensive relative to bending, so that we may take the springs connecting particles on the same chain to have a stiffness k → ∞. Starting from the energy (1), we can write the overdamped equations of motion for the system as − dΦ/dr k = γ tṙk and − dΦ/dθ i = γ rθi , where γ t and γ r are translational and rotational damping coefficients. A similar model was proposed nearly fifty years ago [29] to explain lattice trapping of cracks; our results extend this to explain peeling and adhesion hysteresis, and allow us to bridge the discrete-to-continuum gap that has not been addressed before.
Our system is characterized by three length scales: a lattice (discrete) length scale ∆l, a maximum displacement associated with adhesive bond breakege y c , and l H ∼ (B∆l/K) 1/4 , a length scale that dictates the size of the transition zone between the peeled and bonded domains [30, 31] and is easiest to recognize in terms of a natural continuum theory for the height profile y (x) inside the bonded region x > 0 ( Fig. 1A) . Indeed, by coarsegraining the discrete energy (1) [1] and [27] , respectively. Bottom: Discrete elastic chain peeling away from a flat adherent substrate. Zoomed in region illustrates chain and bond rearrangement after bond breakage: as the rightmost bond breaks and moves away from the substrate, remaining bonds stretch more to accomodate the increased stress. (B) Plot of scaled bending
H is the natural scale for bending energy). Arrows indicate the sequence of motion of the free end displacement: first increasing (upper part), then decreasing back to zero (lower part). Filament configurations are represented visually at pairs of points indicated by red and orange symbols, respectively. (Inset): Sawtooth pattern accompanies bond breakage or re-forming. δE b (red) is the energy loss following single bond breakage, while δU b (green) is the net bending energy change that accompanies peeling of one segment.
compared to the spacing ∆l between bonds, replacing differences by derivatives (π − θ → y ; r k − r k → y (x)), we find that the Euler-Lagrange equation associated with the continuum version of the functional (1) is
With boundary conditions y (∞) → y 0 , y (∞) → 0, y (0) = 0, and y (0) ≈ y c , the solution for y (x) is y (x) = y 0 + y max e −x/l H cos (x/l H + φ) [32] . The three length scales generate two independent dimensionless quantities (besides n): ∆l/l H , which characterizes the mechanical response along the filament direction, and y c /l H , which relates to the peeling angle (see SM). Switching back to the discrete model (Eq. 1), we simulate the corresponding dynamics at zero temperature using Brownian dynamics [33] (see SM for details). We find that when one end of the mobile chain is quasi-statically loaded, bonded segments successively peel from the substrate, while the boundary that separates bonded and debonded phases advances. In the unloading phase, the displacement direction of the free end reverses, causing debonded segments to successively re-enter the interaction range and thus re-adhere to the substrate, leading to healing. The healing pathway is mechanically and thermodynamically different from the peeling pathway, a hallmark of hysteresis. In Fig. 1B , we show that the bending energy-strain plots reveals a characteristic sawtooth pattern arising from alternating elastic loading regimes due to continuous accumulation of the bending energy and discontinuous debonding transitions between different metastable branches [25, 26] . When a bond breaks, stress redistribution causes it (and the rest of the free chain) to move further away from the range of the adhesive potential ( Fig. 1A , inset) such that on its way back it needs to travel more in order to re-form.
Thus, while a single bond does not exhibit hysteresis, the coupling of a local event (bond breaking) to a nonlocal event (overall elastic relaxation), together results in a net energy loss δE < 0. Indeed, the decrease in bending energy δE b upon bond breakage ( Fig. 1B , inset) is only partially balanced by an increased load on the remaining springs, i.e. an increase in the adhesion energy δE s . Therefore, the net energy change of the filament is δE = δE b + δE s < 0 [34] . We expect energy jumps at peeling events
c l H being the natural bending energy scale [35] . In the continuum limit, as ∆l/l H → 0 (and n → ∞), the net energy loss due to the breaking of a single bond must satisfy the limit δE → 0. Since the stress at the free end is accommodated over a scale l H inside the bonded domain, when ∆l l H , bond breakage will have a negligible effect on the shape of the peeled filament and thus on the stress distribution. This suggests the following scaling δE ∼ Ky
which is confirmed by simulations (see SM) [36] . To obtain the scaled energy loss due to the breakage of a single bond δe we write δe = δE/E 0 b ∼ (∆l/l H ) 2 . As we change the discretization n (and the adhesive interaction parameter K along with it), for hysteresis to be independent of discretization, the scaled energy loss summed across all segments, n δe ∼ n (∆l/l H ) 2 , and the adhesion energy per unit length, J = nKy 2 c /L, must remain invariant. Substituting K = JL/ ny 2 c in the expression for n δe and recognizing that l H ∼ [BL/(nK)] 1/4 , we find that
Invariance of the energy loss nδe in the continuum limit implies y c ∼ 1/n, while invariance of J requires that K ∼ n. As a result, l H ∼ (nK) −1/4 ∼ 1/ √ n, which means that in the continuum limit the transition between the bonded and debonded regions occurs instantly, with l H → 0, without a weakly bound intermediate region.
Our findings allow us to immediately explain recent experiments reporting very large hysteresis in peeling graphene [1] as deriving from the this local-global elastic coupling (see SM). To further test this theory we turn to new experiments involving a pair of microtubules (MTs) held together by the depletion interaction, induced by addition of non-adsorbing polymers. The range and strength of the tunable depletion attraction between the filaments is determined respectively by the size and the concentration of the polymer. [37, 38] To obtain such a system, micron-sized silica beads are attached with optical tweezers at two points along a single MT as described elsewhere [39] . Next, a shorter MT is attached to the longer filament by the depletion interaction and is linked to one bead by the biotin-streptavidin linkage ( Fig. 2A) . The mobile optical traps were displaced quasi-statically, subjecting the composite bundle to buckling forces that were measured using conventional techniques [39] . While the adhering MTs initially buckle together, above a critical strain the free end of the shorter MT begins to detach ("fray"). Further increasing strain, leads to almost complete peeling of the shorter MT ( Fig. 2A ). From this point on, only the longer MT contributes to the buckling force, which is roughly independent of strain due to the effective softening induced by cross-sectional flattening [39, 40] . Reversing optical trap displacement reduces strain, eventually leading to re-adhesion, albeit at smaller curvatures/strains than for peeling. Hysteresis is apparent in the forcestrain curves associated with this measurement, where strain = (d − L)/L (Fig. 2B) .
Compared to peeling from a flat substrate, the microtubule system exhibits added complexity, as both microtubules are allowed to bend. Consequently, we need to revisit the theory, generalizing it for flexible substrates. Towards that end, we examine an elastic chain model in which both filaments are mobile and we can apply a buckling force at one end, through a bead attached to the longer filament (Fig. 3A) . Letting functions κ (s) and κ (s) characterize the curvatures of the two filaments, previous results still hold, but for relative curvature κ r (s) = |κ (s) − κ (s) |, whose maximal value κ c determines the onset of fraying. Previously, κ = 0, κ r = κ and the bending energy scale could be expressed in terms of κ c : E 0 b ∼ Bκ 2 c l H . Here, the analogous quantity is a "relative" bending energy E 0 b ∼ Bκ 2 c l H , while the proper bending energy scale is E 0 b (κ, κ ) = B/L (force B/L 2 times length L).
We now assume, in analogy with results from our first model, that the net energy loss δE ∼ Bκ 2 c l H × (∆l/l H ) 2 . Expressing the total scaled energy loss n δe = n δE/E 0 b in terms of adhesion energy per unit length J, we get n δe ∼ L n y
where J and κ c are invariants. This invariance implies y c ∼ 1/n 2 , K ∼ n 3 . Simulations (using the same molecular dynamics setup as in the 1D model in [39] and adding a second filament and a breakable adhesive interaction between corresponding beads on each filament -see SM for details) confirm that the scaling forms K → n 3 K and y c → y c /n 2 preserve hysteresis [41] (Fig. 3B, 3C ).
Previous measurements indicate that J ∼ 0.1 pN for MT depletion-induced cohesion [38] , which allows us to reproduce both the onset of fraying and approximate hysteresis size (Fig. 4, green) . To better capture the experimental hysteresis curve, we need to include factors such as the cross-sectional flattening of MTs [39] and the hysteresisnarrowing effect of thermal fluctuations (see SM). Interestingly, hysteresis in the graphene peeling experiments [1] is significantly larger than in the microtubule experiments. To understand how this observation fits in the context of our predictions, consider Eqs. (3) and (4) -equivalently, Eqs. (S.5) and (S.6) in the SM -expressing scaled hysteresis in the graphene and microtubule settings, respectively. We note that, although the scaling exponents for the graphene and microtubule cases differ, hysteresis in both cases is proportional to the adhesive length L and inversely proportional to y c and B/J. While B/J is comparable between the two experiments, the adhesive interaction in the graphene experiments is much shorter range (y c ∼ 0.1nm) than the depletion-mediated interaction in MT experiments (y c ∼ 10nm). Therefore, the very large hysteresis observed in graphene peeling experiments is consistent with our model (see SM for more details).
In summary, we have shown that in a simple model of peeling adhesion hysteresis arises due to energy lost at transitions between metastable states [25, 26] , a result that is preserved in the continuum limit. This is similar to a phenomenon in polymer fracture known as the Lake-Thomas effect [42, 43] , wherein the energy required to rupture an elastomer is much larger than the energy to break all the typical density of chains crossing the fracture plane [44] , due to the energy loss when the stretched chains away from the fracture zone relax as the crack propagates [3, [44] [45] [46] [47] [48] . This notion of stretching globally while breaking locally can also be observed in our model, where at a given moment the adhesive bonds within a region of size l H are stretched whereas upon peeling or healing, energy is released from a single spring, spanning a region of size ∆l. The difference, however, is that in our case when a bond breaks, it does not result in relaxing the strain energy over the entire region that is under stress, as is the case with fracture.
Additionally, we have derived a simple way of scaling adhesive parameters K and y c with discretization n in order to preserve hysteresis with coarse-or finegraining a continuum system, both in peeling from a flat and from a flexible substrate. Counter-intuitively, our results also imply that, for a given n, there exists a single, well-defined choice of the adhesion parameters K and y c (see SM) [49] . Our results should prove very useful in facilitating the modeling and simulation of many quasicontinuum systems that can exhibit adhesion hysteresis.
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